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Overview for Today
• Logistics
• Graph Theory Review
• Question 1: Model Undirected Graph
• Question 2: At Least Two Mutual Friends/Strangers
• Question 3: Prove or Disprove
• Question 4: Handshake Lemma
• Question 5: Real-Life Scenario
• Question 6: Graph Enumeration
• Question 7: Shortest Path & Cycles
• Question 8



Logistics

● Final Exam (In-Person) on Monday, December 16
○ 6 PM - 8 PM
○ David Rittenhouse Laboratory A8

● Final exam review session next week (time TBD)
● No HW7 (no homework on graph theory)



Graph Concepts Review
● We define a graph as G = (V, E)

○ V = {1, 2, 3, 4}, the set of vertices
○ E = {(1, 2), (2, 3), (3, 1), (3, 3), (3, 4)}, the set of edges

● Path: an alternating sequence of vertices and edges
○ Ex. 1 (1, 2) 2 (2, 3) 3 (3, 4) 4

● Cycle: is a path that starts and ends in the same vertex without repeating any other vertex or 
edge
○ 1 (1, 2) 2 (2, 3) 3 (3,1) 1

● Loop: edge from one vertex to itself (no self loops in this course)
○ (3, 3)

● Undirected: edges have no direction and are represented by pairs {a, b}
● Directed: edges have a direction and are represented as ordered pairs (a, b)
● Degree of a vertex: the number of edges that are incident on it



Graph Theory Review

A graph is connected if there is a path between every pair of vertices.

A connected component is a maximal subgraph in which any two vertices are 
connected, and no additional vertices can be included without breaking this 
property.

A connected acyclic (no cycles) graph is called a tree.

Complete graph: a graph where every vertex is connected to every other 
vertex.
A complete graph has       edges.



Graph Theory Review

A dense graph is one in which the number of edges is close to 
the maximum number of possible edges.

A sparse graph is one in which the number of edges is much 
smaller than the maximum possible.

A graph is bipartite if its vertices can be divided into two 
disjoint sets such that no two vertices within the same set are 
adjacent.



Handshake Lemma

In any undirected graph, the sum of the degrees of all vertices equals 
twice the number of edges.

Mathematically, if G=(V, E) is a graph with vertex set V and edge set E, 
then:

The lemma implies that the number of vertices with odd degrees in 
any undirected graph must be even.



Question 1



Answer 1

57+60+30 = 147



Question 2

By “mutual friends” here, we just mean that A and B are “mutual 
friends” iff they are adjacent to each other (i.e. A and B are 
friends).

Same with “mutual enemies.”



Answer 2



Question 3



Answer 3



Answer 3



Question 4



Answer 4



Answer 4 (cont.)



Answer 4 (cont.)



Answer 4 (cont.)



Answer 4 (cont.)



Question 5: Real-Life Scenario
A small ski resort consists of several peaks and lodges, connected by ski lifts and ski runs. The details of the resort are as follows:

1. (Peaks and Lodges):
○ Peak 1, Peak 2, Peak 3
○ Lodge A and Lodge B

2. (Lifts and Pistes):
○ Lift connections:

■ Lodge A to Peak 1
■ Lodge A to Peak 2
■ Lodge B to Peak 3

○ ski run connections:
■ Peak 1 to Lodge B (blue)
■ Peak 2 to Lodge B (black)
■ Peak 3 to Lodge A (green)
■ Peak 3 to Lodge B (double black)

Task: Represent this scenario as a weighted directed graph.



Answer 5
1. Treat the lodges and 

peaks like vertices
2. Give the lifts a weight 

of 0, green 1, blue 2, 
black 3 and double 
black 4

3. Connect appropriate 
edges



Question 6: Graph Enumeration



Answer 6



Question 7: Shortest Path & Cycles
What is the shortest path from a to c?
Does this graph contain any cycles? If 
so, provide an example.



Answer 7
1. Shortest path: a → b → c, with total edge 

weight = 2 + 1 = 3

2. Some examples of cycles: 
a. a → b → c → d → a
b. g → b → c → g
c. g → c → f → g



Question 8



Question 8



Good luck on final exam!

We will miss you :)


