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Logistics

• Homework 5 will be released today and will be due next 
Monday (Nov. 25).



Proof by Induction

To prove a statement by induction, we aim to show that it holds 
for an initial case, called the base case. Next, we assume it is 
true for some arbitrary integer k (the induction hypothesis) 
and then demonstrate that this implies it is also true for k + 1 
(the inductive step).
This process establishes a chain: if the statement is true for one 
case, it logically follows for each subsequent case, thereby 
proving it for all cases in the specified range.



Components of Mathematical Induction

1. Define the mathematical claim as a predicate P(n). The statement should hold for 
all values n within a specified range, often n ≥ k for a starting integer k.

2. Base Case: Verify that P(k) is true for the smallest integer in the range, typically 
k = 0 or k = 1. This initial proof provides a foundation, confirming that the 
statement holds for at least one instance.

3. Induction Hypothesis: Assume P(k) is true for some arbitrary integer k. This 
assumption serves as a conditional step to support the proof of the next case, 
P(k+1).

4. Inductive Step: Using the induction hypothesis that P(k) is true, prove that 
P(k+1) must also be true (Show P(k) → P(k+1)). This establishes that if the 
statement holds for k, it logically holds for k + 1 as well, completing the induction.



Induction Example
Prove that the sum of the first n natural numbers is n(n+1)/2
1. State P(n) and we will prove P(n) is true for all n >= 1
2. Base Case: when n = 1 we have 1 x 2 / 2 = 1. So the base 

case holds.
3. Induction Hypothesis: Assume P(k) is true for an arbitrary

 
integer k, which is 

4. Inductive Step: Prove P(k+1) is true



Induction Example

Consider the sum of the first k + 1 natural numbers:

By the induction hypothesis, we know that

Substituting this into the expression gives:  

Therefore,                                              which matches the formula for n = k 
+ 1.



Question 1
Prove the statement: An irrational number multiplied 
by a nonzero rational number will always result in an 
irrational number.

Hint: Proof by contradiction



Answer 1



Question 2



Answer 2



Question 3



Answer 3



Question 4
Use induction to prove the following theorem



Answer 4
(1) Let P(n) be the statement that in a group of n friends where 

everyone shakes everyone else’s hand exactly once, n(n-1)/2 
handshakes take place.

(2) Base case: We verify that P(2) is true. In a group of 2 friends, 1 
= 2(2-1)/2 handshakes take place. Thus, P(2) is true.

(3) Induction hypothesis: Assume P(k) is true for some k >= 2. 
Then in a group of k friends, k(k-1)/2 handshakes take place.

(4) Inductive step: We will show that P(k+1) is true. Note that k+1 
people needs k(k-1)/2 + k = (k(k-1) + 2k)/2 = k(k+1)/2 = 
(k+1)[(k+1-1)]/2 handshakes. Therefore, P(k+1) is true.

By induction, P(n) is true for all n>=2.



Question 4

https://nstarr.people.amherst.edu/trom/puzzle-8by8/

https://nstarr.people.amherst.edu/trom/puzzle-8by8/


Question 4



Answer 4



Answer 4 (cont.)



Question 5
Use induction to show that 6n + 4 is divisible by 5 for 
every n ≥ 1 and n ∈ ℤ.



Answer 5



See you next week!


