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Overview for Today
• Logistics
• Proof by Contradiction and Contrapositive
• How to Negate an Implication
• Question 1 (2 minutes)
• Question 2 (3 minutes)
• Question 3 (3 minutes)
• Detour: Rational Numbers
• Question 4 (4 minutes)
• Question 5 (5 minutes)
• Question 6 (5 minutes)
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Contrapositive

Suppose x ∈ Z. If 7x + 9 is even, then x is odd

Proof by contrapositive:  (recall if a then b becomes if not b 
then not A 
Suppose x is NOT odd. 
Suppose x is not odd. Thus we can write it as some x = 2a
Then 7x + 9 = 7(2a) + 9 = 14a + 9 = 2(7a+4) + 1
Consequently 7x + 9 is not even



How to Negate an Implication

Say we want to negate: P ⇒ Q
We want to make it: ¬(P ⇒ Q) 

Step 1: Replace Implication Sign
Rewrite P ⇒ Q as: ¬P ∨ Q
With the negation: 
¬(P ⇒ Q) becomes ¬(¬P ∨ Q)

Step 2: Use DeMorgan’s Law
Rewrite ¬P ∨ Q as: ¬(P ∧ ¬Q)
With the negation: 
¬(¬P ∨ Q) becomes ¬(¬(P ∧ 
¬Q))

Step 3: Cancel out Extra Negations
¬(¬(P ∧ ¬Q)) becomes P ∧ ¬Q



Question ?
Prove by contradiction that 
if 4 divides an integer n, then n + 2 is not divisible by 4



Answer 1
We will prove this by contradiction.
1. Assume, to the contrary, that if n is divisible by 4, then n + 2 is divisible by 4.
2. Since 4 divides n, then n = 4k for some integer k.
3. Since n + 2 is divisible by 4, then n + 2 = 4p for some integer p.
4. Substituting  n = 4k into n + 2 = 4p:

4k + 2 = 4p
2 = 4(p - k)
½ = p - k

5. Since p, k are integers, then p - k is an integer. However, ½ is not an integer, which leads to 
a contradiction.

6. Therefore, we conclude that the original statement is true: if 4 divides an integer n, then n 
+ 2 is not divisible by 4.
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Question 2

Hint: cases by even and odd numbers
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Detour: Rational Numbers
● Any rational number, x, can be expressed as a 

fraction:
       where p and q are integers, and q is not 0
● e.g. 0.25 can be expressed as 1/4
● A common strategy when doing a proof by 

contradiction involving rational numbers is to show 
that assuming some condition is true will lead to a 
situation where q is 0, or a number that has to be 
irrational
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Question 5

Odd + Odd = Even

Even + Even = Even

Odd + Even = Odd

Odd × Odd = Odd

Even * Even = Even

Odd * Even = Even
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Detour: Modulo
● "Modulo" is the remainder in a division by something
● n ≡ m [mod p] is the same thing as saying there is a k such that n = kp + m
● For example: 11 ≡ 3 [mod 4] can be thought of as 7 = (2)(4) + 3
● When we have a division by p, for instance here, p = 3, then we consider a case for each 

of the possible remainders:
○ n ≡ 0 [mod 3]
○ n ≡ 1 [mod 3]
○ n ≡ 2 [mod 3]

● The possible remainders will span from 0 to p - 1
● We couldn’t have n ≡ 3 [mod 3], because 3 divides 3 with no remainder, so that’s 

the same case as n ≡ 0 [mod 3]; we can never have a remainder of 3 when dividing by 3 
since we could just increment k to deal with that

● This can be a handy tool to use in many cases: for example to denote that a number, x, 
is even we can say x ≡ 0 [mod 2], i.e. that x can be divided by 2 with no remainder



Question 6

Use Contradiction
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See you next week!


