
Induction

Recognizing a pattern
ex . 1 + 3 = 4 = 2

-

1 + 3+ j = 9 =32 S1 + 3 + 5 + 1 = 16 = 4

↑**
odd numbers

Sum of odd Numbers

& up until N & = N2

1PCNC : Y (2i - 1) =N
i = 1

Idea behind Induction

non-negative
~

Induction is used to prove a theorem holds for all integers
< N 0) if we are able to do the following :

* State the proposition as depending on an integer parameter
P(N)

* show the base case . 4(K) is verified for k = 1 ( Or

k equals a small numbers
, (the base case must exist but

not always o or 1

* Show that if theorem holds for k then it must also

k+ 1

k - k+ 1
,

k-1 +k the same thing



=> Assume theorem holds fork , => induction hypothesis
=> Prove theorem holds for K+ 1 by assumption= > induction

Step .

When we have all three elements , we can prove that

PCN) holds for all N3 K for a certain K.

Intution

* the induction step says that

if P(K) then P(K+1

that means base case

-
if P(1) then 4(2)

but if P(2) then P(3)

if 4131 then Pc4 ↓

i

ex . Let Pck) be the property
4(k) : 2i-1 : k

Base Case : we have to identify which value of I makes

sense to begin with . (usually K= 0
//K =1)

Since it needs to be proved on all odd numbers
, we choose

k = 1



For k = 1 :

LHS : [2i - 1 = 2x1 - 1 = 1
i = 1

RHS : i = 1

·: CHS = RHS
,
E PC1 is true

Inductive step :

We assume 4ck) is true , we want to show P(K+1) is true

Pck is true =2 :- 1 = pr

4(4 +1) :
2 : -1 =>k + 1 ,

k+ 1 K C

E[2i + 1 = 2i - 1 + 2(k + x - 1

i = 1
i = 1

= k + 2k+2 - 1

= k2+ 2k + 1

= (+1

=> PCK+1) is true .

Therefore , we show that P(K) = Pck+17

Since base case + InductiveStep then we show



4(n) is true for all >- 1
,

2: -1 = i is tone

Example with base case different than k= 0 or k = 1

Question : Is N ! Bigger than 20 ?

Exploration & Computing for small values of N
N

N N ! 2

I I L 2

2 24

3 6 S

4 24 < 16

5120-32

Reasoning abstractly N terms for large values

&N ! 3 . 4. 5 .

----

1 1vvvvv

22 . 2 . 2 . 2 . 2
-

-m

N terms

Things I've uncovered :

- N! and2N are products of N terms

-

all but the first three terms of N : are larger than IN

- Therefore
, we expect N !C 20

,
N3 4



We want to prove PCN) : N !> 2
N is true for all N2 4.

Base Case : Let N = 4
,

then LHS : N ! = 24
·

RHS : 20 = 16

Since 24-16 , we say PC4) is true

Inductive Step : We assume that PcK) is true which means

K

T K ! 72

We want to know whether this pattern continues with

(+ 1) ! and 2k+1

LHS RUS

(k+ 11 ! = (! X(k+1)

Since K! 2 "from inductive hypothesis
(k+1) ! (2* x() KH>2

(k+1) !
> 2

*
x2
-

(k+ 1) !
> 2k

+ 1

therefore P(K -> P(k+ 1)

By base case and Inductive step , we proved
N

for all N34 ,
N ! > 2

Receipe to find a base case :

Otry 1,

O if that doesn't work , try
③ if that doesn't work , investigate other options



Factorial Algorithm

Factorial is a function defined mathematically by
I if n=

n ! =
- &

nx (n- 1) ! if n) o

InJava : int FACT (intu)-
-

if (n= = 0) Return 1 :

else Return 1* FACT (n-1 ,

Y

Pcns : FACT (h) = n : +

Base Case : The base case is n = 0

by definition of factorial , 0 != 1 (RHS)

by definition of FACT
,
FACTCO)

,
the function

returns I because n = = 0 is true·

This shows that FACTCO) = 0 !, base case is true . Plos is true·

Inductive Step : Let's assume our property is true for n,

PLM is true
, We want to show Pla+I is true.

#ductive Hypothesis : FACT (n) = n !

S By the algorithm ,
when you call FACT CH+1 , it will compute

(n+1) * FACT (2n+ ) - 1) => (n+1) * FACT (a)

V



By the inductive hypothesis , we know that FACTcn) = n !

We can substitute :

(h+1) * FACT (n) = <+ / * n !

= (n+ ) !

So
, we show that P(n) + P(n + 1) and combined with the base

case. 4 inc folds for all n . 150.

Practice
:

nun + 1)

Sum of first N integers : i = >
i = 1
-

P(n)
:

i =+

I
1 x (1 + 1)

Base Case : n = 1 .
LHS : [i = 1 , RHS : - = = 1

i= 1

CrS = RHS
,
E P(K) is true

Inductive Step : Assume Pcks is true
,
we want to show PCK+1) is true.

-

K

show :2i=
E i =Mkti= 1

Y = 1 S

k
↑ -

"Yi = [i + k+ 1 = (+ + k+

↑i= 1 i= 1

=I
= (4)



Therefore
.
P(K) - PLk + ) .

Based on base case and Inductive step ,
we proved

= is tree


