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Logistics

• HW5 will be released soon



Propositions and Predicates

Propositions: Complete statements that are definitely true or 
false (no variables).

Predicates: Statements involving variables that become 
propositions when specific values are assigned to those 
variables.



Propositions and Predicates Examples

Propositions:
1. “All cats are mammals.” (This is a true proposition.)
2. “Water boils at 50 degrees Celsius at 1 atm.” (This is a false 
proposition.)

Predicate:
P(x): x is a multiple of 3
(This becomes a proposition when we assign a value to x. For 
example, if x = 9, P(x) is true. If x = 10, P(x) is false.)



Boolean Variables

Conjunction operator (AND) is denoted by ∧ (\wedge in 
LaTeX)
Disjunction operator (OR) is denoted by ∨ (\vee in LaTeX)
NOT is denoted by ¬ (\neg in LaTeX)



De-Morgan’s Law for Booleans



If and Only If

P if and only if (iff) Q means P → Q and Q → P (P ↔ Q)

P → Q
• Q if P
• P only if Q



Quantifiers

Universal quantifier: ∀ (for all)
Example: 

Existential quantifier: ∃ (there exists)
Example:



Negation of Quantifiers



Contrapositive, Converse, and Inverse

There are 3 statements that are closely related to p → q.
• Contrapositive: ¬q → ¬p
• Converse: q → p 
• Inverse: ¬p → ¬q

Contrapositive is equivalent to the original statement p → q. 
Converse and inverse are equivalent (inverse is the 
contrapositive of converse).



Example

• P → Q: If n is even, then n^2 is even.

• Contrapositive (¬Q → ¬P): If n^2 is odd, then n is odd.

• Converse (Q → P): If n^2 is even, then n is even.

• Inverse: (¬P → ¬Q): If n is odd, then n^2 is odd.



Contrapositive with DeMorgan’s Laws

Ex. If x⋅y = 0, then x = 0 or y = 0.

¬Q = ¬ (x = 0 or y = 0) 
= x ≠ 0 and y ≠ 0 (by DeMorgan’s Laws)

If x ≠ 0 and y ≠ 0, then x⋅y ≠ 0



AND vs. Implication

Use AND (∧) when both conditions need to be true simultaneously.

Use implication (→) when one statement’s truth relies on or guarantees the truth of another.

Example:
English: "All birds can fly and sing."
Let B(x) be the predicate “x is a bird,” F(x) be the predicate “x can fly,” and S(x) be the predicate “x can 
sing.”
Logic: ∀x(B(x)→(F(x)∧S(x)))
This sentence uses implication because being a bird implies certain abilities.
Within the implication, we use AND because both abilities (flying and singing) must hold for every 
bird.
BUT The conditional statement  𝑃→𝑄 is logically equivalent to  ⌝𝑃∨𝑄



Direct Proof Example

Theorem: The sum of two odd integers is even.
Proof:
1. We show that if x and y are odd integers, then x + y is even.
2. Let x and y be any odd integers.
3. Since x is odd, by the definition of odd integers, we know that x = 2m + 1 for some integer m.
4. Similarly, since y is odd, there exists an integer n such that y = 2n + 1.
5. Now observe that: x + y = (2m + 1) + (2n + 1) = 2m + 2n + 2= 2 (m + n + 1).
6. Since m + n + 1 is an integer (because the sum of integers is an integer), let a = m + n + 1.
7. Then we can write x + y = 2a.
8. Therefore, 2 ∣ (x + y), meaning x + y is divisible by 2.
9. Thus, x + y is even.



Question 1

Don’t worry about two people possibly having the same PennID here. By unique, in this problem 
we mean that each MCIT student has EXACTLY one PennID, not more than one.



Answer 1



Question 2

Side question: Is this true? Just say yes or no.



Answer 2

Side question: It isn’t true because of the uniqueness 
part and since r can equal a. Consider a=5, b=10 Then 
both q=2, r=0 and q=1, r=5 work. If r was strictly less 
than a, then this would be true.



Question 3



Answer 3



Question 4



Answer 4 



Question 5



Answer 5



See you next week!


