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Overview for Today

* Logistics

* Probability Review

* Question | (4 minutes)
* Question 2 (5 minutes)
* Question 3 (3 minutes)
* Question 4 (5 minutes)
* Question 5 (4 minutes)
* Question 6 (4 minutes)
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Logistics

* HW4 is due | 1:59 PM on Monday, October 28
* Midterm | grades will be released next week
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Addition Rule

Events A and B are mutually exclusive if
ANB =10

For mutually exclusive events:

P(AUB) = P(A)+ P(B)
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Addition Rule Example

Consider drawing a single card from a standard deck of cards.What’s the
probability of drawing a heart or a spade!?
* EventA - Drawing a heart

* Event B - Drawing a spade
Number of hearts 13 1

P(A) = — R
) Total number of cards 52 4
Number of spades 13 1
P(B) = Total number of cards ~ 52 4

Since they are mutually exclusive,
1 1 1
P(AUB)=P(A)+ P(B) = 7 I 755
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Complement Rule

The complement of an event A, (A’, A) consists of all
outcomes not in A

P(A) =1 - P(A)
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Complement Rule Example

What is the probability of getting at least one head in 3 coin flips!?

. 3\, 1.4,1 1 3
You could calculate it as:  P(one head) = (1)(5)1(5)2 —3x5=1
(3, Lo 1y 13
P(two heads) = (2)(2) (2) =3 x 5 =
_(3Y, 1510 _ 11
P(three heads) = (3)(2) (2) =1x B
3 3 1 7
P(at least one head) = P(one head) + P(two heads) + P(three heads) = 3 + 3 + —

(But what if there are 100 coin flips?)

P(at least one head) = 1 — P(all tails)

T N by
Penn Engineering 1 — P(all tails) =1 (2)



Experiment, Sample Space, Events, and Probability

Experiment: A procedure that yields one out of
several possible outcomes. It’s an action or process
where the outcome is uncertain

Sample Space (S): the set of all possible outcomes of
an experiment

Event: a subset of the sample space.An event occurs if
the outcome of the experiment is an element of the
event set.

P[E.] (probability that event E occurs) = |E| | |S|
(Positive outcomes)/ (Total outcomes)
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Example

Imagine a game where players spin a color wheel
divided into seven equal sections, colored: red, orange,
yellow, green, blue, indigo, violet.

|dentify the experiment, the sample space, and some
events.
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Example Solutions

Experiment: Spinning the color wheel once and observing which color
the pointer lands on.

Sample Space (S): The sample space consists of all possible outcomes
when spinning the wheel. In this case: S = {red, orange, yellow, green, blue,
indigo, violet}

Events:We can define various events based on this sample space. Here
are a few examples: a) Event A: The pointer lands on a primary color. A =
{red, yellow, blue} b) Event B: The pointer lands on a color starting with
the letter 'v'. B = {violet} c) Event C:The pointer lands on a warm color. C
= {red, orange, yellow}
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Example

Imagine a game where players spin a color wheel divided into seven
equal sections, colored: red, orange, yellow, green, blue, indigo, violet.

i) What is the probability of Event A (landing on a primary color?)

ii) If we spin the wheel twice, what is the probability of getting orange
on the first spin, and green on the second!?

iii) What is the probability that the pointer does not land on indigo!?
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Example Solutions

i) Probability of landing on a primary color is 3/7

ii) the probability of landing on orange and then green is
(1/7) x (1/7) = (1/49)

iii) The probability of landing not on indigo is (6/7).VWe
can also say it’s |- P(indigo), or | - (1/7)
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Inclusion - Exclusion Principle

Two events:
P(AUB)= P(A)+ P(B) — P(AN B)

Three events:
P(AUBUC) = P(A)+ P(B) + P(C)
— P(ANB)—-P(ANnC)—-P(BNC)
+P(ANBNC)
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Conditional Probability

The conditional probability is the probability that event
A will occur given that event B has occurred.

P(A|B) =
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Conditional Probability Examples

What is the probability of the card drawn is a queen given it is a spade!
* Event A - Drawing a queen
* Event B - Drawing a spade

* P(ANB) is the probability of drawing the queen of spades
* P(B) is the probability of drawing a spade

P(AnB) + 1

PB} & i3

P(A| B) =
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Independence

P(ANB) = P(A) x P(B)
P(A|B) = P(A)
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Question |

Exercise 1
A box contains 100 items of which 4 are defective. Two items are chosen at random from the box. What is the probability
of selecting:

A. 2 defectives if the first item is not replaced?
B. 2 defectives if the first item is put back before choosing the second item;

C. 1 defective item and 1 non-defective item (in no particular order) if the first item is not replaced?

Consider both orders
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Answer
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Answer | (cont.)

A. 2 defectives if the first item is not replaced?

4
()
100
(2)
The total number of ways to choose 2 items out of 100 items is (130). Out of those, there are (”21) ways to select 2

defective items out of the 4 defective items that exist.

2l i3
Alternate approach: 155 * 55

Solution:

There is a 4 in 100 chance that the first item is defective, and then, since it is not replaced, we have 99 items left of
which 3 are defective, so there is a 3 in 99 chance that the next item is defective.
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Answer

@ @
4in 100 3in 99
fé“ fé\‘
= =
B: &} x f@)
4in 100 4in 100
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Answer | (cont.)

B. 2 defectives if the first item is put back before choosing the second item;

42

1002
There is a 4 in 100 chance that the first item is defective, and then, since it replaced, we once again have 100 items,
4 of which are defective, so there is a 4 in 100 chance that the second item is defective.

Solution:

[ )
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Answer |
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Answer | (cont.)

C. 1 defective item and 1 non-defective item (in no particular order) if the first item is not replaced?

4 96
(1) ® ( 1) . I . . -
“m~ Denominator has 2 by combination formula
2
The total number of ways to choose 2 items out of 100 items is (130). To choose a defective item and then a
non-defective one, we would have to choose 1 out of the 4 defective items, and then 1 out of the 96 non-defective

items.

Solution:

] 4 96
Alternate approach: 2 * 155 * 59

There is a 4 in 100 chance that the first item is defective, and then, since it is not replaced, we have 99 items left
of which 96 are not defective, so there is a 96 in 99 chance that the next item is defective. We could also have the
reverse case where the first item has a 96 in 100 chance of being non-defective, and then the second item has a 4 in
99 chance of being defective, which is why we multiply by 2 overall.
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Question 2

We are going to ask a random student about their
birthday month.
What is the sample space?

What is the probability that they are
i) born in 2 month with 31| days
i) born in a month starting with a J?
iii) born in a month starting with | or with 31| days!?
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Question 2

What is the sample space? The set of all possible

months S = {Jan, Feb, Mar, Apr, May, Jun, Jul, Aug, Sep, Oct,
Noyv, Dec}

i) there are 7 months with 31| days.So 7/12

ii) there are 3 months that start with |,so 3/12 or /4
iii) (7/12) + (3/12) - (2/12)

P(AUB) = P(A) + P(B) — P(AN B)
& Penn Engineering



Question 2

Exercise 2
How many 10 bit numbers are there with no 2 consecutive ones? For 10 bit numbers, we allow the most significant bit to be
0.

Hint: Think about each case for the numbers of ones you’ll have
and how many positions they can be placed in!

000000
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Answer 2

Exercise 2
How many 10 bit numbers are there with no 2 consecutive ones? For 10 bit numbers, we allow the most significant bit to be
0.

Solution: No 2 consecutive ones can be broken in the following cases:

(i) No ones at all. 1 way.

(ii) A single one. 10 ways (just pick one of the 10 digits to be a one).
(iii) 2 ones. That is 8 zeros in the form 0 0 0 0 0 0 0 0. The ones can go into any of the gaps. That means (3)
(iv) 3 ones. That is 7 zeros in the form 0 0 0 0 0 0 0. The ones can go into any of the gaps. That means (?)

(v) 4 ones. That is 6 zeros. So 7 gaps which means (I)

(vi) 5 ones. Thatis 5 zeros. So 6 gaps which means (g)

If we went any further we would only have 5 gaps in which to fill 6 ones, which wouldn’t work.
To have 6 or more ones in a 10 digit binary number would require us to have consecutive ones.

Add all cases together since they are mutually exclusive, and we get: 1 + 10 + (g) + (’;) + (Z) + (‘:) = 144 ways.

[
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Question 3

In a die-coin experiment, a standard, fair six-sided die is rolled and
then a fair coin is tossed the number of times showing on the die.

Let N denote the outcome on the die and H be the event that all coin
tosses result in heads.

a) Find P(H)
b) Find P(N =5 | H)
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Answer 3

a) N = [1, 6] and the probability for each event is ¢ x (%)N:

= (6 6 () () () () =

b) 1 1)°
B _P(N:5ﬂH)_6X(§) ~
P(N =5 H)= =" p o= = 8 i = 0082
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Question 3

Exercise 3

Provide a single counterexample to the following statement: If Q and R are relations on S, and both of them are transitive,
then @ U R is also going to be transitive. To be clear, a single counterexample means one single example with an actual set
S and two actual relations Q and R such that this statement does not work out.
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Answer 3

Exercise 3

Provide a single counterexample to the following statement: If Q and R are relations on S, and both of them are transitive,
then Q U R is also going to be transitive. To be clear, a single counterexample means one single example with an actual set
S and two actual relations Q and R such that this statement does not work out.

Solution: The easiest way to do this is to come up with vacuously true transitive relations and then show their union
messes it up. Take these two transitive relations:

{(1,2)}
{(2,3)}

They are vacuously true transitive relations: they never violate the transitive requirement, but don’t really have a
great example of transitivity in them. In other words, they are transitive because we cannot show that they are not tran-
sitive.

However, their union is: {(1,2), (2, 3)} which is not transitive because the tuple (1, 3) is missing.
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Question 4

Exercise 4
Simplify (A N B) N B N A into the simplest possible form. State all the rules being used in the simplification.

Name Identities
Idempotent laws AUA=A ANA=A
Associative laws (AUB)UC=AU(BUCQ) (ANB)NC=An(BNCQC)
Commutative laws AUB=BUA ANB=BnA

Distributive laws AU(BNC)=(AUB)N(AUC) An(BUC)=(ANnB)U(ANC)

Identity laws AUp=A AnU=A
Domination laws ANO=0 AUU=U
Double complement law j = A
AnA=0 AUA=U
Complement laws o 25
U=490 0=U
De Morgan's laws AUB=ANB ANB=AuUB
Absorption laws AU(ANB)=A AN(AUB)=A

[ )
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Answer 4

Exercise 4
Simplify (A N B) N B N A into the simplest possible form. State all the rules being used in the simplification.

Solution:

(ANB)NBNA=(AUuB)NBN A (De-Morgan’s Law)
=((ANnB)U(BNB))NnA (Distributive)
=((ANB)NnA)U(BnNA) (Distributive)
=((ANA)N(BNA)U(BNA) (Distributive)
=(@)N(BNnA)uU(BNA) (Domination Law)
= @)U (BnA) (Domination Law)
=BnNnA (Identity)
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Question 5

Exercise 5
Consider the function: f(n) = [/n| where we have both the domain and co-domain set to be N.
The floor symbol truncates the decimal part |2.56| = 2. You can consider this to be similar to how floor division works in

programming.

A. Is the function f one-to-one? Why or why not?

B. Is this same function f onto? Why or why not?
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Answer 5

A. Is the function f one-to-one? Why or why not?

Solution: This function is not one-to-one.

£ = |Va] = 2] =2

But now consider f(5) = [\/SJ

Since /5 < 3. the floor function will take it down to 2, i.e. f(5) = [\/5J =2

This means that both f(4) and f(5) will map to 2, which means that this function cannot possibly be one-to-one.
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Answer 5 (cont.)

B. Is this same function f onto? Why or why not?

Solution: This function is onto.

Proving it is onto:

Let’s take x to be an arbitrary element.

We want to show that every € N will be mapped onto.

For every =, we can can choose an 22 such that:

f(z?) = {\/FJ = . We just showed that f(2?) = z, which means that for every 2 € N, we can choose a number

(22) that can map onto it. So this function must be onto.

For all x
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Question 4

A deck of cards contain 52 cards: 26 red and 26 black. If
a card is drawn at random and found to be red, what is

the probability that it is a heart (given that there are |3
hearts and |3 diamonds, both red)?
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Answer 4

Given: total cards = 52, red cards = 26 (13 hearts + |3 diamonds), black cards = 26
To Find: Probability that the card is a heart given that it is red, i.e., P(Heart|Red).
Solution:

Step 1: Define the events. Let H be the event that the card drawn is a heart. Let R be the event that the card drawn
is red.

Step 2: Use the formula for conditional probability.

P(HNR)
PH|R) = ———-—
(HIB) = ~Fs
Step 3: Find P(H N R). The probability that a card is both a heart and red is simply the probability that it’s a heart
(since all hearts are red). There are 13 hearts in a deck of 52 cards.

13 1

Step 4: Find P(R). The probability that a card is red (either a heart or a diamond) is:

26 1
PR=5%=3
Step 5: Plug in the values into the conditional probability formula.

P(H|R) = % -

INTE NP

Conclusion: Given that a card drawn is red, the probability that it is a heart is % or 50%.
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Question 5

You roll two fair 6-sided dice (Die 1 and Die 2), and you flip a fair coin.
Define the following events:

e A: The sum of the two dice is 7.
e B: The outcome of the coin flip is heads.
e C: Both dice show the same number (a double).

Determine whether the events A and B are independent, and whether the
events A and C are independent.
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Answer 5
Probability of Event A (Sum of dice is 7):
Events = {(I, 6), (2,5), (3,4), (4, 3), (5, 2), (6, )}
P(A)=6/36=11/6.

Probability of Event B (Coin flip is heads):
P@B) =1/2.

Probability of Event C (Both dice show the same number):
P(C)=6/36=1/6
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Answer 5

For the dice rolls, there are 6x6=36 possible outcomes (since each
die has 6 faces).

The possible outcomes of the coin flip are heads (H) and tails (T).

Thus, there are 36%2=72 total outcomes when combining the dice
rolls and the coin flip.

EX.{(l,1), H} means first and second roll is | and the coin is head.

These are the 6 outcomes where the sum of the dice is exactly 7.
(p I"eViOU S S I Id eS) . Therefore, the probability P(A N B) is:
PANB) =7 = =
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P(ANB)=P(A)-P(B)==-=-=—
Thus, P(AN B) = P(A) - P(B), meaning that A and B are independent.

Compute P(ANC): For both dice to show the same number and the sum to
be 7, there is no possible outcome. Therefore,

P(ANC) = 0.

Compare P(ANC) with P(A)-P(C):

P(A)- P(C) =

Clearly, P(ANC) =0 +# % = P(A) - P(C).
Thus, A and C are not independent.
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Question 6

One of ten keys you have opens a door. If you try the
keys one after another, what is the probability that that
the door is opened

i) on the first attempt!?
ii) on the second attempt!?
iii) on the 10th attempt?
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Question 6

i) on the first attempt!
P(Ist attempt) = (I way to open)/(10 keys)
ii) on the second attempt!?
P(2nd attempt)
We know the first attempt failed, (9/10)*(1/9)
iii) on the |10th attempt!?
Same logic

(9/10)(8/9)(7s) (6/7)(%)(%)(/4)(5)(2) = 1/10
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See you next week!




